Abstract. We present various characterizations of n-circled domains of holomorphy G ⊂ C n with respect to some subspaces of H ∞ (G).
Introduction
We say that a domain G ⊂ C n is n-circled if (e iθ1 z 1 , . . . , e iθn z n ) ∈ G for arbitrary (z 1 , . . . , z n ) ∈ G and (θ 1 , . . . , θ n ) ∈ R n . Put log G := {(x 1 , . . . , x n ) ∈ R n : (e x1 , . . . , e xn ) ∈ G}. If X ⊂ R n is a convex domain, then E(X) denotes the largest vector subspace F ⊂ R n such that X + F = X. A vector subspace F ⊂ R n is said to be of rational type if F spanned by
The following results are known (cf. ).
Proposition 1. Let G ⊂ C n be an n-circled domain of holomorphy. Then the following conditions are equivalent: (i) G is fat (i.e. G = int G) and the space E(log G) is of rational type; (ii) there exist A ⊂ Z n and (c α ) α∈A ⊂ (0, +∞) such that
Proposition 2. Let G C n be a fat n-circled domain of holomorphy. Then the following conditions are equivalent:
where
The aim of this paper is to generalize Propositions 1, 2. The starting point of these investigations was our trial to understand the general situation behind the last example in § I.5 in [Sib] . We will prove the following results. 
Observe that for each k ∈ Z + the space
, is a Fréchet space. Consequently, condition (iii) is equivalent to the following one.
Note that F k (G) is an algebra.
In the case where G = {|z 1 | < |z 2 | < 1} is the Hartogs triangle the above result has been proved in [Sib] .
Then the following conditions are equivalent:
In the case where G is the Hartogs triangle the above result has been proved (by different methods) in [Sib] .
n be an n-circled domain of holomorphy. Then the following conditions are equivalent:
Proof of Proposition 3
(iii) =⇒ (ii) follows from Proposition 1.
where |G| := {(|z 1 |, . . . , |z n |) : (z 1 , . . . , z n ) ∈ G} and Λ n denotes Lebesgue measure in R n , 1 := (1, . . . , 1). Consequently, there exists
Suppose that F := E(log G) = {0}. Let k := dim F and let Y ⊂ F ⊥ be a convex domain such that log G = Y + F . We have:
where , is the Euclidean scalar product in R n , 2 := 2 · 1. We have got a contradiction.
Suppose that there exist domains
Since G is fat, we may assume that G ⊂ G and that G ∩ W 0 = ∅, where
We may also assume that 1 ∈ G \ G. For, if (a 1 , . . . , a n ) ∈ G \ G, then we replace G by F (G), where F (z 1 , . . . , z n ) := (z 1 /a 1 , . . . , z n /a n ).
Since E(log G) = {0} and G is fat, there exist R-linearly independent vectors α j = (α j,1 , . . . , α j,n ) ∈ Z n , j = 1, . . . , n, such that
where U := {(z 1 , . . . , z n ) ∈ C n : if for some j, ℓ we have α j,ℓ < 0, then z ℓ = 0}
(cf. [Jar-Pfl 1]). Define Φ : U −→ C n , Φ(z) := (z α1 , . . . , z αn ). Note that Φ is holomorphic, D = Φ −1 (E n ), and that Φ is biholomorphic in a neighbourhood of 1. In particular, there exists a point b ∈ G \ G such that r j := |b αj | > 1, j = 1, . . . , n.
Let
. Then there exists j 0 ∈ {1, . . . , n} such that |c αj 0 | = r j0 . We may assume that j 0 = n.
In particular, f N cannot be holomorphically continued to G. Consequently, to get a contradiction it suffices to show that
For any σ ∈ (Z + ) n with |σ| ≤ k we get
where d := c αn (recall that |d| = r n > 1). One can easily show that
where P, Q, R ∈ N depend only on k, α 1 , . . . , α n , and N . Since the series
is convergent, we only need to find N ∈ N such that for arbitrary |σ| ≤ k and p ∈ [1, +∞] we get
Hence, it is enough to prove that there exists N ∈ N such that for arbitrary |σ| ≤ k and p ∈ [1, +∞] we have
For p ∈ [1, +∞) and ν ∈ Z n we have
provided that T j (pν + 2) > 0, j = 1 . . . , n. In particular, if
Moreover, N 0 ≥ T j (σ), j = 1, . . . , n, and therefore N α−σ ∈ R + α 1 +· · ·+R + α n , which shows that z
Finally, let z 0 = (z 0,1 , . . . , z 0,n ) ∈ W 0 ∩ ∂D. Assume that z 0,ℓ0 = 0. Let (e 1 , . . . , e n ) denotes the canonical basis of R n . Let |σ| ≤ k. Since N 0 ≥ T j (σ +e ℓ0 ), j = 1, . . . , n, we get N α − σ − e ℓ0 ∈ R + α 1 + · · · + R + α n . This shows that |z N α−σ | ≤ |z ℓ0 | in D and therefore lim D∋z→z0 z N α−σ = 0.
Proof of Proposition 5
The implications (iv) =⇒ (iii) =⇒ (ii) are trivial.
(ii) =⇒ (i). Suppose that V ε ∩ ∂G = ∅ for an ε ∈ {0, 1} n , ε = (0, . . . , 0). We may assume that ε 1 = . . . ε s = 1, ε s+1 = · · · = ε n = 0 for some 1 ≤ s ≤ n. We will show that each function
extends holomorphically to G ε . Consequently, since G is an S(G)-domain of holomorphy, we will get G ε ⊂ G. Fix an f ∈ S(G). It suffices to show that a µ (f ) = 0 for all µ = (µ 1 , . . . , µ n ) ∈ Z n such that µ j < 0 for some j ∈ {1, . . . , s}. We may assume that µ 1 ≥ 0, . . . µ t ≥ 0, µ t+1 < 0, . . . , µ s < 0, where 0 ≤ t ≤ s − 1. Define σ := (µ 1 , . . . , µ t , 0, . . . , 0) ∈ (Z + ) n . Let r 0 = (r 0,1 , . . . , r 0,n ) ∈ V ε ∩ ∂G ∩ (R + ) n and let U := {(r 1 , . . . , r n ) ∈ G : |r j − r 0,j | < 1, r j > 0, j = 1, . . . , n}, K := {(e iθ1 r 1 , . . . , e iθn r n ) : (r 1 , . . . , r n ) ∈ U , (θ 1 , . . . , θ n ) ∈ R n }, , r = (r 1 , . . . , r n ) ∈ U.
In [Sic 1,2] J. Siciak characterized those balanced domains of holomorphy G ⊂ C n , which are H ∞ (G)-(resp. H ∞ (G) ∩ A ∞ (G)-) domains of holomorphy. Moreover, it is known that any bounded balanced domain of holomorphy G ⊂ C n is an L 2 h (G)-domain of holomorphy (cf. ). A general discussion for balanced domains of holomorphy (like the one for n-circled domains) is still unknown.
